Cerebellum as a metric tensor
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GEOMETRY OF THE SPACE GIVES
THEIR RELATIOM BY THE METRIC

TENSOR
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Fi6. 3. Covariant and contravariant components of 2 vector, and their relation established by the
geometry of the space of the vector. (A) The covariant components (lower index) can be established
independenily from one another. but they do not physically compose the vector. rrhm components,
also ¢alled resolved parts are established by p dicular proj ) Ci fant

{upper index) physically add up to the resultant, U: however. they cannot be cstablished mdcpendently
from one anather, (B) The numerical relation of the two sets of components is determined by the metric
tensor which describes the geometry of the space. (C) Expression of the metric tensor in covariant form.
(D) Expression of the conteavariant metric tensor. (E) Relation of covariant and contravariant com-
ponents, as determined by the metric tensor. (F) Numerical example of the relimion of covariant and

contravariant components shown in A and E.

In order to undursl.md the manner in which the
cerebell I this jination, note that
the displacement can be vectorially expressed both in
the two-dimensional externial spuce and in the three-
dimensional intrinsic CNS hyperspace, ie. the two-
space can be regarded as a surface embedded into a
three-space. Thus, the displacement. as an invariant
line-element lies both in the embedded and in the
embedding spaces, In order 1o analyze the vectorial
expressions in these spaces the first question to be
asked is whether these vectors are expressed by co-
VATl Or COntraviriing components,

Covariant and contravaricun vector-components and the
metric tensor

Some of the relevant features of covariant and con-
travariant  vector-components and their transform-
ation through the metric tensor. are summarized in
Fig. 3. Given an arbitrary, oblique. 1wo-dimensional
frame of reference and a meltric tensor, u single Uiz, f)
vector may be expressed both by its covariant com-
ponents U, and by its contravariant patts T, U7 are
termed the “physical compongnts’ since they. when
added according to the parallclogram rule, actually
provide the vesultam cecror, T, In contrist as it is
shown in Fig. 3, the covariant components do not
have thus feature, theie physical sum not being equiv-
alent to U, On the other hand, covariant vectorial
components have the important property that « given
eector component wlong one dircetion can be uniguely

determined, independently of the total memher of co-
ordinate axes or of the direction of other axes.
Indeed, a covariant component is determined by tak-
ing the inmer product with the unit vector in one
coordinate d . i.e. by establishing a perpendicu-
Tar to the given axis. We call this the principle of inde-
pendence of covariant  vector components. Such a
feature does not apply to the contravariant com-
ponents, for which the establishing of any one com-
ponent requires that all the other directions of the
coordinates be known: that is to say, the physical
components, which are actually capable of generating
the executing vector, and interdependent.

The geometry of th: hyperspace determines
through the metric tensor, the relation of covariant
and contravariant sets of components. This geometry
can be expressed as shown in Fig. 3, in both covariant
and contravariant forms. The E., matrix is the covari-
ant metric tensor, its conjugate, g7 is the contravar-
iant metric tensor. Thus, the two sets of components
are related through the following expressions:

7' = 540,
7, = 5,0

A numerical example given in Fig. 3 shows the actual
caleulations from one set of vectorial components to
the other in the depicted case.

Our central tenet regarding the geometrical concept
of coordination is that the CNS must transform covari-



